Acoustic wave propagation and attenuation in catalytic converters are investigated in the present study. The relationships for wave propagation in a catalytic monolith are derived first and then coupled to the wave propagation in tapered ducts which are commonly placed at either end of the monolith. Analytical and finite element approaches are used to solve the resulting coupled system of equations. Theoretical predictions are then compared with the experimental results for two different ͑one circular and the other oval͒ catalyst configurations. The attenuation characteristics of the catalyst with and without the monolith are also investigated.
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INTRODUCTION
Following the 1970 Clean Air Act, the need to comply with the emission standards has resulted in significant developments in the catalyst technology. The efforts that started by retarding the ignition, the use of thermal reactors and the oxidation catalyst have led to the discovery of three-way catalysts in late 1970's ͑Gandhi et al., 1 Heywood, 2 Stone 3 ͒.
Three-way catalysts are now an integral part of the exhaust system of spark-ignition engines due to their ability to convert all three pollutants ͑NO x , CO, and HC͒ simultaneously by accelerating the associated kinetics reactions. The catalytically active coat, which may be composed of precious metals such as platinum, palladium, and rhodium, is applied to the washcoat ͑typically alumina, Al 2 O 3 ͒ with a large surface area to enhance the oxygen storage capacity and key reactions. The washcoat is applied to either a ceramic or a metal substrate which is mounted in a metal housing by using a thin layer of swelling mat or wire mesh. A typical conversion efficiency near stoichiometric combustion and the associated narrow conversion window, for 80% conversion, for example, for a three-way catalyst is shown in Fig. 1 . On the fuel rich side NO x is reduced usually to N 2 by excess unburnt hydrocarbons, and by CO which is formed due to lack of sufficient oxygen, whereas on the fuel lean side, excess oxygen oxidizes hydrocarbons and CO. Thus the window width for conversion is determined by the NO conversion on the lean side, and by CO or HC conversion on the rich side. The details of some representative reactions are given in the literature ͑see, for example, Schäfer and van Basshuysen, 4 and Oh and Cavendish 5 ͒. The compressionignition engines, on the other hand, use primarily oxidizing catalysts because of the lean operation.
The pollutant conversion behavior of catalysts has been studied in detail, for example, by Oh and his co-workers. 5, 6 Their earlier work is a one-dimensional model of simultaneous heat and mass transfer, and the chemical reactions.
The effect of step increase in the feed stream temperature is examined on the lightoff behavior as a function of catalyst design and operating conditions. The later work involves a three-dimensional model facilitating the prediction of more realistic temperature gradients in both radial and axial directions, which have significant implications in terms of heat losses and structural durability, particularly for important transients such as converter warm-up, sustained heavy load, and engine misfiring. They also included realistic kinetics to some extent ͑with the exception of NO x ͒ for the Pt-catalyzed oxidation reactions of hydrocarbons, CO, and H 2 . A comprehensive review of catalysts for pollutant emission control is given by Kummer. 7 Also, recent technologies for emission control have been discussed by numerous researchers. 8 The emission control has clearly been the primary objective of the catalytic converters ͑CC͒ on the exhaust system of internal combustion engines, as just described. This challenging task naturally led to extensive research toward understanding the pollutant conversion behavior of CCs. The same element, however, is also effective in reflecting and dissipating the noise to a considerable extent, therefore acting as a reactive/dissipative silencer. Thus far, the wave attenuation behavior of CCs has received relatively little attention, and will be the focus of the present study. The monoliths have a large number of parallel tubes ͑or cells͒. The density of these cells vary, for example, from 300 to 600 per square inch ͑cpi͒ in a ceramic monolith. Thus the analysis of sound attenuation in a CC requires the knowledge of wave propagation in the tube bundles ͑or capillaries͒ and their interaction with the connecting ducts. Kirchhoff 9 and Rayleigh 10 investigated the sound propagation in narrow tubes containing a viscous, heat-conducting fluid. Exact solutions of their equations for circular tubes under simplifying conditions were given by Zwikker and Kosten. 11 Tijdeman 12 later obtained numerical solutions of Kirchhoff's equations and discussed the limitations of the work of Zwikker and Kosten. The idea of using a ''shape factor'' to account for noncircular tubes was introduced by Biot. 13 Craggs and Hilderbrandt 14,15 studied the wave propagation through noncircular capillaries via the finite element method, but neglected the thermal boundary layer in their modeling. Analytical solution in the form of a series solution was obtained by Roh et al. 16 for viscous and thermal perturbation fields in rectangular tubes. Stinson 18 demonstrated the use of a variational method to study the wave propagation and attenuation in capillaries of arbitrary cross section.
The foregoing studies, i.e., Refs. 9-18, examined the wave propagation in capillaries when the medium is quiescent. Glav et al. 19 described a simple model to study the wave propagation through the catalytic converter element. Their model was based on the heuristic work of Ingard and Singhal 20 and showed good agreement with the experimental results at low frequencies. At higher frequencies, however, their predictions deviated from the experimental results as their model was based on the low-frequency approximations for the visco-thermal boundary layer attenuation in circular capillaries. Recently, Peat 21 studied the effect of flow on circular capillaries using the variational method. This work was followed up by Astley and Cummings 22 who used the finite element method to study the attenuation and propagation in capillaries of arbitrary cross section in the presence of flow. Ih et al. 23 and Jeong and Ih 24 later developed analytical solutions for circular capillaries in the presence of small mean flow in terms of confluent hypergeometric functions. References 9-24 dealt with the wave propagation in capillaries. The monolith consists of a large number of these capillaries and has a cross-sectional area considerably larger than the main exhaust duct. Utilization of the full crosssectional area and therefore all the available actively coated surface is highly desirable. 25 Thus particularly on the upstream side, the duct is connected to the housing of the monolith via a diffuser with the hope that flow will expand to the full monolith surface relatively uniformly. This tapered section upstream is repeated to a degree at the downstream location primarily to reduce the flow losses, therefore reducing the back pressure to the engine and improving the engine performance through decreased pumping loop work. A typical configuration is shown in Fig. 2 which also represents one of the two configurations considered in this study.
In addition to investigating the wave propagation in the monolith, the objective of the present study is to combine the wave field in the monolith to the tapered ducts ͑diffuser and reducer͒ and the main duct. Unlike Oh and his co-workers, 5, 6 this work neglects the heat/mass transfer and chemical reactions aspects, and deals primarily with the acoustic wave propagation and attenuation. While a recently presented preliminary attempt 26 investigated a circular monolith only, the present study ͑i͒ considers two blank ͑without washcoat͒ ceramic monoliths: circular and oval, for both analytical and experimental work, the latter being more realistic because of the under-body space constraints; ͑ii͒ introduces a finite element treatment of the CC to provide an assessment of multidimensional versus one-dimensional wave propagation behavior; and ͑iii͒ uses a CFD approach to evaluate the validity of analytical relationships given for the flow resistance in capillaries, which is employed in the present attenuation model.
Following the Introduction, the theory underlying the wave propagation in the catalyst is described in Sec. I. Section II illustrates the analytical and finite element method to obtain the transmission loss characteristics, and Sec. III the different methods to determine the flow resistance. Section IV discusses the results of the present study, which is concluded in Sec. V with some final remarks.
I. THEORY
The treatment of the wave propagation in a system containing a catalytic converter ͑CC͒ element essentially requires the solution of a coupled system of equations: one for the wave propagation in the connecting tapered ducts, and the other for the wave propagation in the CC element. The wave propagation in the connecting ducts is given by the well-known wave equation,
where p is the acoustic pressure and c 0 is the speed of sound in the connecting duct. The equation for wave propagation in the tube bundles of the CC element is, however, rather involved, and requires a few simplifying assumptions. The capillary tube walls are assumed to be impervious in the present investigation. For some combination of the ceramic monolith and the washcoat, the tube walls can exhibit microporosity. Such an effect can readily be included via a locally reacting wall impedance, and an effective open-area ratio as shown by Arnott et al. 27 On a macroscopic scale, the problem of wave propagation in the CC element is analogous to the problem of wave propagation in an equivalent fluid which has an effective density and an effective compressibility, both of which can be complex. These effective properties are derived as shown in the following.
The linearized version of the continuity, momentum and the energy equations for acoustic wave propagation are given, in the absence of flow, by
and
respectively, where m is the density, p m is the acoustic pressure, u m is the acoustic particle velocity vector, T m is the temperature, is the kinematic viscosity of the fluid, is the thermal conductivity of the fluid and c p is the specific heat of the fluid at constant pressure. The subscript ''m'' is used here to denote the catalytic converter. At low frequencies, or when the cross-sectional dimensions of the capillary are very small compared to the wavelength, acoustic laminar conditions exist in the capillaries. 14 Even when the flow is present the Reynolds number ͑based on the capillary width͒ is small enough for the conditions within the tube to be laminar. 22 Further, if the length of the capillary is large compared to the cross-sectional dimensions, the flow in the capillary can be assumed to be fully developed. 22 Under such conditions, the momentum equation can be re-written in terms of the space-averaged mean velocity ū m as follows:
where R depends on the frequency and the cross-sectional shape of the capillary. In view of a harmonic time dependency, Eq. ͑5͒ may be reduced to 
where
which defines the equivalent density m . While viscous effects play a role in determining the effective density ͓through R in Eq. ͑7͔͒, thermal effects become important in obtaining the equivalent sound speed as described in the following. In terms of the linearized equation of state for an ideal gas,
The speed of sound is then given by
For isothermal conditions, T m ϭ0. Then, in view of Eq. ͑9͒, c m ϭͱP 0 / 0 , which is purely real. Craggs and Hilderbrandt 14 assumed isothermal conditions and used the finite element method to predict the equivalent density for a capillary of arbitrary cross section. However, when the thermal boundary layer is accounted for, the solution of Eq. ͑4͒ yields T in terms of p. Because of the thermal diffusion term on the right side of Eq. ͑4͒, the variables p m and T m will be out-of-phase in their oscillations. Thus the equivalent sound speed defined by Eq. ͑9͒ would be complex. Stinson 29 obtained closed form solutions to Eqs. ͑2͒-͑4͒ for circular capillaries and for rectangular slits. Allard 30 has worked extensively on the modeling of porous materials and has developed simple relationships for the equivalent density and sound speed in porous materials of arbitrary cross section by expressing the parameter R in Eqs. ͑5͒ and ͑7͒ as
where R is the flow resistance, is the open-area ratio, i.e., ratio of the cross-sectional area of the pores and the total cross-sectional area,
J 0 and J 1 are the Bessel functions of order zero and unity, respectively, and ␣ is a factor which depends on the shape of the cross section of the capillary. 30 The factor ␣ is used here to account for noncircular cross section of the capillary, and should be distinguished from the tortuosity factor used elsewhere in the literature 30 to account for the randomness in the distribution of pores. For a given pore geometry, the viscosity and the flow resistance R are directly related if the boundary layer is assumed to be fully developed, as illustrated later in Sec. III.
The equivalent sound speed is given by
where Prϭ c p ͑14͒
is the Prandtl number ͑the ratio of momentum to thermal diffusivity͒. The wave propagation in the catalytic monolith is hence characterized by
Analysis of the wave propagation in a catalyst then involves the coupled solution of Eqs. ͑15͒ and ͑1͒.
II. TRANSMISSION LOSS "TL…
Transmission loss is proportional to the ratio of sound power incident on an acoustic filter and the sound power transmitted downstream into an anechoic termination. As it allows for the evaluation of the acoustic performance of a silencer independent of the acoustic source and termination, this desirable quantity is used in the present analysis to characterize the acoustic behavior of the catalyst. Two different theoretical approaches, ͑a͒ analytical, and ͑b͒ finite element method, are used to predict the transmission loss when the medium in the catalyst is quiescent.
A. Analytical method
A transfer matrix method is used to evaluate the TL characteristics analytically. Using pressure and volume velocity as the state variables, the transfer matrix for the uniform duct segment of the catalyst is given by 
͑16͒
where k m ϭ/c m , A is the cross-sectional area of the CC element, c m is given by Eq. ͑13͒, and m is given by Eqs. ͑7͒ and ͑10͒. The transfer matrix expression for a conical duct is given by 31 T
where is the semi cone angle, l is the length, and r 1 and r 2 are the radii at the inlet and outlet of the conical duct section of the catalyst. The overall transfer matrix is then
Transmission loss is evaluated using the following expression:
where A i and A o are the cross-sectional areas of the inlet and outlet ducts, respectively, where T i j 's correspond to those of the matrix T catalyst . Note that Eq. ͑19͒ is more general than the applications considered in the present study by allowing for different A i and A o . In the following section, a finite element approach to evaluate the TL characteristics is illustrated.
B. Finite element method
The wave propagation in the catalyst are characterized by Eqs. ͑1͒ and ͑15͒, or equivalently by Using Gauss' divergence theorem, Eqs. ͑23͒ and ͑24͒ are expressed in the following form:
where ⌫ 1 and ⌫ 2 are the boundaries of domains ⍀ 1 and ⍀ 2 , respectively, and n is the area normal. The following boundary conditions apply along the interface ⌫ int of domains ⍀ 1 and ⍀ 2 :
pϭp m , and uϭu m . ͑27͒
By virtue of the continuity, Eq. ͑2͒, and the corresponding equation for the fluid domain, the velocity boundary condition at the interface can be rewritten as
Multiplying Eq. ͑26͒ by 0 / m and then adding it to Eq. ͑25͒, yields
where ⌫ i and ⌫ 0 denote the inlet and outlet boundaries. The contribution due to the interface boundary integral drops out as a result of Eq. ͑28͒. Boundary integral at other boundaries vanish due to rigid wall conditions. Assuming plane waves to be incident on the boundary ⌫ i and the boundary ⌫ 0 to be terminated anechoically, the solution of Eq. ͑29͒ can be obtained for a given incident pressure field. The ratio of the transmitted and incident pressures would then yield the transmission coefficient . In terms of , TL is then given by, TLϭ20 log 10 ͉1/͉. ͑30͒
Equation ͑30͒ is used to evaluate the transmission loss, numerically, by the finite element method. These results are then used to corroborate the analytical treatment of the preceding Sec. II A based on a simple one-dimensional approach.
III. FLOW RESISTANCE
In order to evaluate the TL characteristics of the catalyst, the geometry of the pore, the properties of the fluid filling the pores of the catalytic monolith and the flow resistance R, need to be known explicitly. The pore geometry and the properties of air which fills the pore are generally known a priori, leaving only the flow resistance to be determined. The flow resistance can either be measured directly or estimated theoretically. Various models [32] [33] [34] exist in the literature for predicting the pressure drop along the length of the duct. While the theoretical model of Shapiro et al. 34 is limited to the region in the immediate vicinity of the flow entrance in the duct or tube, the model of Fargie et al. 32 is valid over a small region along the length of the duct. The model of Sparrow and Lin, 33 however, is more elegant. The pressure drop in a tube of length l and of diameter d according to their model is given by
where P 0 is the mean pressure, U is the mean velocity, Re ϭ 0 Ud/ is the Reynolds number, and K(l) is a function which depends on the length of the duct. The first term on the right side of Eq. ͑31͒ corresponds to a fully developed flow, and the second term, the entrance region where the flow is developing. The value of K has been shown to increase from zero at the inlet to a constant value of 1.24 at a distance far from the entrance region where the flow is fully developed to the well-known Poiseuille profile. 33 Their analytical results were found to be in excellent agreement with the computational predictions obtained here from a commercial software, STAR-CD, 35 which solves the full Navier-Stokes equations for the fluid flow. The observed degree of agreement eliminated the need for a detailed comparison between the two approaches. Thus no further discussion on the computational approach is provided here. Equation ͑31͒ is then related to the flow resistance of the catalytic monolith as described next.
For a catalytic monolith at very low frequencies, sӶ1 ͓refer to Eq. ͑12͔͒. In this limit,
and at these low frequencies Eq. ͑6͒ reduces to
or, in terms of Eq. ͑10͒ to
Substituting the value of G c (s) for the low-frequency limit, i.e., Eq. ͑32͒ in Eq. ͑34͒, yields
which defines the static flow resistance. Here,
where U i is the free-stream velocity of the fluid outside the catalytic monolith. Substituting Eq. ͑31͒ for pressure loss in Eq. ͑35͒ would yield
where d is the diameter of the capillary tube. Equation ͑37͒
would provide a good estimate of R in actual steady flow measurements. However, the second term in this expression accounts for developing boundary layer, which is not incorporated in a conventional formulation such as that of Sec. I. Thus to retain consistency, only the first term on the right side of Eq. ͑37͒ is effectively used in the analytical expressions here by determining the limit when velocity tends to zero, as described in the following section. This first term also matches Eq. ͑4.77͒ in Allard.
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IV. RESULTS
One circular and one oval blank ͑uncoated͒ ceramic monoliths are used in the present study. The circular configuration consists of a 350 cpi ͑cells per square inch͒ catalytic monolith connected to constant-diameter ducts on both sides with tapered sections ͑see Fig. 2͒ . The circular monolith is made up of square capillaries and has an open area ratio of ϭ0.8 ͑equivalent to a square pore of 1.214 mm length͒. The flow resistance across the monolith was determined experimentally in a flow bench. The predicted ͓Eq. ͑37͔͒ and the measured flow resistances are compared in Fig.  3 . The flow resistance depends on the flow velocity, as expected. As the flow resistance is defined by Eq. ͑37͒, the value of R corresponding to the case where the velocity tends to zero, i.e., Rϭ500 Pa s is used in the theoretical predictions. For the square capillaries, the value of parameter ␣ ͓see Eq. ͑12͔͒ is 1.07 ͑Ref. 30, Table 4 .1͒.
The TL characteristics obtained experimentally ͑through impedance tube measurements, see for example, Selamet et al. 36 for the details of the experimental setup͒, analytically, and by finite element method are depicted in Fig. 4 , which incorporates, c 0 ϭ343 m/s, 0 ϭ1.2 kg/m with the experimental results. The difference between the one-dimensional analytical and the three-dimensional finite element results is nearly negligible, suggesting that onedimensional treatment would be sufficiently accurate for these type of configurations. The discrepancy between the theoretical and the experimental results may be attributed to ͑i͒ the variation in the flow resistance, ͑ii͒ the variation in the open-area ratio from the manufacturer's specifications, and ͑iii͒ the finite porosity of the capillary walls. The effect of variation of the flow resistance and the open-area ratio on TL are illustrated in Figs. 5 and 6, respectively. As expected, increase in the flow resistance increases the transmission loss ͑since the dissipation of acoustic energy is higher͒. Increase in the open-area ratio exposes more of the pore fluid to viscous attenuation and this explains the observed increase in transmission loss with an increase in the open-area ratio. For the effect of finite wall porosity, Arnott et al. 27 may be referred to.
A comparison of the TL obtained with and without the catalytic monolith is shown in Fig. 7 . The behavior of the tapered housing alone ͑without monolith͒ is depicted by dashed lines, which is based on purely reactive wave reflections. The difference between the dashed line and the solid line ͑with monolith͒ is due to the viscous dissipation in the catalytic monolith. Thus the introduction of the monolith increases the transmission loss at higher frequencies, away from the first peak. Also, for this particular configuration, the transmission loss remains fairly constant in the frequency range of interest in automotive applications. Therefore, in addition to increasing the reaction rates for the transformation of the pollutants to less hazardous substances, the catalyst also helps in reducing the sound transmission downstream of the catalyst. Note that in Figs. 4-7 , as the frequency tends to zero, the transmission loss of catalyst housing coupled with the monolith does not reduce to zero. This is due to the dissipative nature of the catalyst ͓refer to Eqs. ͑7͒, ͑10͒, ͑11͒, and ͑32͔͒. Figure 8 shows the oval catalytic monolith connected to the same circular ducts of Fig. 2 at both ends through two tapered transitions. Figure 9 provides a comparison of the 3-D finite element analysis, the one-dimensional analytical solution, and the experimental data for the configuration of Fig. 8 with the housing alone ͑catalytic monolith removed͒. For the analytical solution the oval section is replaced by a circular duct of equal cross-sectional area. The TL behavior indicates that the higher order modes are not cut-on in the frequency range of interest, and the waves are predominantly one-dimensional along the oval section. Figure 10 shows the corresponding results for the oval catalyst of Fig. 8 in the presence of the catalytic monolith. While the theoretical predictions in general compare well with the experimental results, the sources of the deviations ͑as indicated earlier for the case of circular configuration͒ in Figs. 9 and 10 are currently being investigated. These two figures for the oval catalyst also reveal a minimal increase in the accuracy of predictions when employing a 3-D finite element method instead of a simple one-dimensional analytical solution. When multidimensional wave propagation becomes more significant at higher frequencies the need for finite element method would become obvious. However, the frequency range considered here at ambient conditions needs to be stretched proportional to the square root of the temperature in the hot exhaust system. A multiplying factor of 1.5 or slightly higher is not atypical. Therefore, for the symmetric configurations studied here and for the dimensions considered, there is very little to be gained from a detailed finite element method relative to a simplistic one-dimensional analytical approach.
A 3-D finite element approach could prove to be useful for larger diameters and asymmetric CCs with offset or angled inlet and outlets. The effect of higher order modes might then be important at higher frequencies, particularly in the connecting ducts. Using finite elements to model the connecting ducts while retaining a simple one-dimensional model for the catalytic monolith might be a suitable approach for such a case.
The examination of Figs. 7, 9, and 10 also reveals that the first attenuation dome is dictated by the reactive effects based simply on the wave reflections due to cross-sectional area changes. The insertion of the monolith in the housing has a two-fold impact on the attenuation: ͑i͒ for the pure wave reflection, the expansion ratio of the housing alone is somewhat reduced because of the monolith walls. Depending on the configuration, this may result in some reduction in TL of the first dome; and ͑ii͒ beyond the first dome, the wave dissipation inside the capillaries of the monolith becomes significant. The fact that the behavior of the first dome is dictated primarily by wave reflections based on the available expansion ratio could prove to be useful for a number of different applications, particularly in view of frequency stretching due to high exhaust temperatures. Also note that the monoliths used in this study did not have a coating. With the application of the coating, the flow resistance is expected to increase somewhat, resulting in more dissipation.
V. CONCLUDING REMARKS
The present study determines the wave attenuation in catalytic converters by combining the wave field in the monolith to the the tapered ducts and the main circular duct. Two different catalyst configurations, one circular and the other oval, are investigated both analytically and with the finite element method. The theoretical predictions presented in this study for these two configurations are shown, in general, to compare well with the experimental data. Compari- son of the results with and without the catalytic monolith indicates an improved acoustic performance in the presence of the monolith. Theoretical results for the oval catalyst indicate that for the frequency range of interest in automotive applications, the acoustic wave propagation is predominantly one dimensional. Thus a simple analytical treatment based on one-dimensional approach appears to be rather useful, if not sufficient, to determine the acoustic attenuation of a catalytic converter.
The results of Peat, 21 and Astley and Cummings 22 indicate that the effect of flow on the attenuation and phase speed is convective: i.e., the wave number k m ϩ for the forward moving wave is k m ϩ ϭk m /(1ϩM ) and the wave number k m Ϫ for the reflected wave is k m Ϫ ϭk m /(1ϪM ), where M is the mean flow Mach number. The present method can then be extended to include incompressible mean flow by constructing the transfer matrices of the conical and the straight ducts in the presence of flow according to Selamet and Easwaran 37 and evaluating the TL in the presence of flow according to Easwaran. 38 Axial temperature gradients inside catalytic converters 39 have been ignored in the present analysis. Also, the application of the present method, for example, to thermo-acoustic engines 40, 41 remains to be explored.
